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The closed network model

Consider an irreducible system of monomolecular biochemical reactions
involving N reactants. The dynamics of a single molecule can be modeled as
a random walk,
dp;(t)
dt

(pi(t)g;: — pi(t)gi,;) -

N
)
j=1
J#i

Suppose there are a total of » molecules in the closed system. Then we have
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The closed network model (continued...)

If the system is closed to its surroundings, it will achieve equilibrium in which
each reaction must be detailed balanced. Let 7; represent the probability of
being in state ¢ at equilibrium, then

T 45,6
Tg i

= K.,

q’io,’ilqil,ig t Q’im,io —1

Qil,’ioqiz,il s Qio,im
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The grand canonical model

Suppose there is an observer doing work on the system by keeping the
number of molecules in state O equal to 1 and the number in state NV + 1 equal
to 0. The total number of molecules in this system will fluctuate. The expected
number of molecules, (n;(t)), at time ¢ in state i satisfies

d(n(t)) =~

e Z ((n;(2)) @5 — (ni(t)) 4i.5)
7
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The grand canonical model (continued...)

The joint probability function for the open system is

€

7 [ )™ —<ni<t>>]

which means that the number of molecules in each state is independent and
hese random variables each have Poisson distribution
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Variances and correlations

Let (n;)" be the number of molecules in state i when the system is in NESS
and An; = n; — (n;)". It can be shown that the variances and covariances
must satisfy

2) N+1
d((Am Z ) 4+ 2 (An () Anj(t))) g5

.775%
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Variances and correlations (continued...)

The nonhomogeneous system of ODEs of the means can be rewritten as a
homogeneous system of ordinary differential equations by substituting
n;(t) = An;(t) + (n;)". In matrix form, the resulting system is written as

d (An(t))
dt

= Q (An(t)).

Using the solution of this system, the autocorrelation and cross-correlation
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Variances and correlations (continued...)

The NESS flux of a reaction is related to the cross-correlation functions by

- (Any(0)Ani(0)) — (Ani(t)An(0)
t—0 t

S, (Vj,keA’“tVz?,i (ng)* — V; ke MtV <”j>*)

= lim

t—0 t
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Thermodynamics and reaction conductances

For the forward equation

. N+1
d <7Z;t(t)> _ Z (<n3 (1)) qj.i — (ns()) Qz’,j) 7

]:
J7i

an associated backward equation exists. It can be written as
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Thermodynamics and reaction conductances (continued...)

The substitution allows for a physically meaningful potential function to be
defined as
1i(t) £ Inu;i(t) = In (n;(t)) — Inm; + In 7.

and the chemical potential difference for a reaction between states : and j is

(ni(t)) Gi.5

= In

A j(t) = pi(t) — p;(t) = In

(n;(t)) qj.q Jji(t)
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Thermodynamics and reaction conductances (continued...)

In terms of the chemical affinity, u(t) = e*(!), we have

Auts 5(8) = us(t) — us(t) = (ni(t)) mo  (ny(t)) mo _ Jij(t) — Jj,v:(t)ﬂo

Uy T Tiqi,5

In which case

16
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Thermodynamics and reaction conductances (continued...)

The system
N+1
duz- t ‘
dt( ) > M) —wi®) @iyl Vie{1,2,...,N}
j:
j#i

BCs: uo(t) =" uN+1(t) =0
ICs: w;(0)=0, Vie{l,2,...,N}
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Conclusions and future work

The grand canonical models provide a full understanding of linear networks.

Possibly useful experimental methods can be suggested.

* Currently we are studying the probability generating function and moment
generating function approaches.
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